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Abstract
The aim of this article is to identify a hypothetical central EUR/PLN exchange rate within the ERM II 
framework and to assess the risk of exceeding the permissible fl uctuation band for the 2025–2028 horizon. 
The study uses daily exchange rate data from 2020–2024 and applies nonlinear models of the MS-GARCH 
(Markov-Switching GARCH) class in both homogeneous and heterogeneous variants, estimated using the 
quasi-maximum likelihood method. The research procedure included the selection of optimal P and Q 
parameters according to the AIC information criterion, the identifi cation of periods characterized by 
heightened volatility regimes, and the forecasting of exchange rate volatility using the MS-GARCH model 
combined with Monte Carlo simulations for logarithmic returns. The results indicate an optimal ERM II 
central rate of PLN 4.53, with the heterogeneous MS-GARCH model revealing 21 days of elevated risk 
of exceeding the upper threshold in November and December 2027. The study contributes an empirical, 
atheoretical approach to determining the ERM II central rate, fi lling a gap in the analysis of emerging 
economies outside the euro area.
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Introduction

The Economic and Monetary Union (EMU) constitutes one of the fundamental elements of the Eu-
ropean Union’s structure and an essential condition for the full institutional integration of a member 
state with the other EU countries. The EMU was established under the Maastricht Treaty — the 
Treaty on European Union of 1992 — and its implementation of the institutional integration of the 
member states, it was based on a strategy of gradualism, the origin of which can be found in the 
Delors Report (Bijak-Kaszuba 2012). This strategy is based on three stages, with Stage III being 
implemented since January 1, 1999, and concerning monetary integration through, among other 
things, the introduction of the euro, the loss of full monetary sovereignty by the member state, and 
a common policy within the framework of the European Central Bank and the European System of 
Central Banks. Poland, as one of six (excluding Denmark) member states, maintains a derogation 
status, and the decision to join the ERM II mechanism as an element of a conditionally determined 
accession strategy is normative in nature and depends on political decisions and social approval. At 
present, the majority of Polish society is opposed to monetary integration, as indicated by survey 
data. Since Poland’s accession to the structure of the European Union on May 1, 2004, under the 
Treaty of Athens (signed on April 16, 2003), and its acceptance of the Acquis communautaire, 
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successive governments, despite fulfilling the remaining nominal convergence criteria (in accordance 
with the Treaty on the Functioning of the European Union): price stability, public finance stability, 
and a long-term interest rate below the reference threshold, have neither decided nor declared an 
intention to join ERM II. Officially, the Convergence Report of 2016 confirmed the fulfillment 
of the remaining criteria; in 2018 the criterion of the long-term interest rate was not met, while 
in 2020 the criterion of price stability was not fulfilled. According to the Convergence Reports 
of 2022 and 2024, Poland does not meet any of the criteria. 1 Historically, there were cases such 
as Italy and Belgium (in the year 1999), which did not meet the public finance stability criterion 
(the case of Greece in 2001 is similar, but it formally met the criterion after data corrections by 
Eurostat), and despite this, the Council of the European Union decided to recognize the criteria 
as met through interpretation. Therefore, this study focuses exclusively on the conditional forecast 
(without the mechanism of intramarginal interventions) of the risk of nominal EUR/PLN exchange 
rate instability in the years 2025–2028 and on the identification of the hypothetical level of the 
ERM II central exchange rate, which would be conditioned by the periods of the EUR/PLN rate 
being in a low-volatility regime.

The aim of this study is to identify the ERM II central exchange rate with a symmetric range 
of permissible deviations of the nominal EUR/PLN rate and to analyze the risk of exceeding the 
ERM II corridor through volatility forecasting using MS-GARCH models for the period 2025–2028.

To achieve the research objective, data on the nominal EUR/PLN exchange rate process and 
first-order logarithmic differences (Close-to-Close) in a daily sequence (excluding holidays and 
weekends) will be used. The data were obtained from the Yahoo Finance database, access to 
which was provided by the “quantmod” 2 library in RStudio. This study is based on the following 
procedure:

•preparation of descriptive statistics: measures of asymmetry and dispersion (kurtosis) for the 
standardized residuals of the base regression model

•examination of the conformity with the probability distribution and visualization of the distri-
bution

•identification of the variance clustering phenomenon
•identification of optimal parameters P and Q for GARCH(P,Q)-std using a selective-iterative 

method with respect to the AIC information criterion as an indicator of predictive ability
•selection of two GARCH-class models in terms of their fit to the data for constructing the vari-

ants: a homogeneous MS-GARCH model with a common variance family and a heterogeneous 
MS-GARCH model with different variance families

•identification of observations in the low-volatility regime, taking into account the regimes of 
increased volatility under both variants of the MS-GARCH model (in terms of the probability 
of transition to a higher-variance regime and exceeding the 80th percentile volatility threshold), 
and then determining the central parity (the mean from the periods of low conditional volatility)

•simulation of the log return path using the Monte Carlo algorithm and the MS-GARCH model 
and forecasting volatility for the 5%–95% percentile range for the years 2025–2028, which made 
it possible to identify the risk of exceeding the permissible deviation range from the ERM II 
central parity under both variants of the MS-GARCH model. 3

Research on the measurement of the ERM II central parity and the equilibrium exchange rate 
in the academic literature is characterized by strong theoretical coherence, which applies, among 
other models, to the measurement of the Natural Exchange Rate (NATREX) or the Fundamental 
Equilibrium Exchange Rate (FEER), as well as to complex dynamic models with a cointegration 
process used for measuring the Behavioral Equilibrium Exchange Rate (BEER) or the Permanent 
Equilibrium Exchange Rate (PEER). This study aims to fill the research gap concerning an atheo-

1. See: Convergence Reports by European Commision Directorate-General for Economic and Financial Affairs, 
available at https://economy-finance.ec.europa.eu/euro/enlargement-euro-area/convergence-reports_en#convergence 
-reports.

2. Jeffrey A. Ryan et al. (2025). quantmod. More info at: https://cran.r-project.org/web/packages/quantmod/
index.html.

3. The calculations were performed using the package rugarch — Galanos A (2025). rugarch: Univariate GARCH 
models. R package version 1.5-4. More info at: https://cran.r-project.org/web/packages/rugarch/index.html.
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retical and strongly empirically coherent approach to the measurement of the ERM II central parity 
for the nominal exchange rate, which is the rate determined in institutional practice. To address 
this research gap, particularly from the perspective of the stability of the EUR/PLN exchange rate 
valuation under a floating exchange rate regime, the leading analytical tool will be the nonlinear 
MS-GARCH model.

In the literature, the issue of modeling exchange rate risk in the context of the ERM II mech-
anism has so far focused mainly on ex post analysis for economies already participating in the 
exchange rate system, using classical GARCH models or their simple modifications (Hansen and 
Lunde 2005; Marisetty 2024). The research gap, however, concerns the lack of empirical studies 
employing MS-GARCH-class models for the identification of volatility regimes and the forecasting 
of the risk of exceeding the permissible fluctuation band for emerging economies remaining outside 
ERM II, including Poland. This study represents an attempt to fill this gap by applying MS-GARCH 
models to forecast the volatility of the nominal EUR/PLN exchange rate and to determine the 
ERM II central rate for the 2025–2028 horizon.

Of the 27 countries forming the European Union, seven — Bulgaria, the Czech Republic, Den-
mark, Hungary, Poland, Romania, and Sweden — are not members of the Monetary Union. With 
the exception of Denmark, which, under the opt-out clause (concerning monetary integration) estab-
lished in the Edinburgh Agreement of 1992, is partially exempt from the implementation of Stage 
III of the EMU, the remaining six countries, representing both developed (Sweden) and emerging 
economies, formally maintain a derogation status. The fulfillment of the monetary convergence 
criterion, which is conditional upon entry into ERM II, depends on a political decision and there-
fore has a strongly normative character. Nevertheless, in 2022 Croatia joined the Euro Area, and 
Bulgaria has declared its intention to enter the Monetary Union by 2027, which indicates that the 
political demand and willingness for further institutional integration within the European Union 
remain alive. Therefore, for researchers and economic practitioners dealing with emerging economies 
outside the Euro Area, it is important to determine the key element of monetary convergence, the 
ERM II central exchange rate along with the symmetric 15% fluctuation band. This study provides 
an analytical tool, using MS-GARCH class models and the EUR/PLN exchange rate process from 
2020 to 2024 as an example, to identify periods of the low-volatility regime, which in turn make it 
possible to extract the average level of the nominal exchange rate, the central rate, and to develop 
a volatility forecast for the period 2025–2028.

The EU Convergence Report, prepared by the European Council, is published every two years; 
therefore, the results of this study on the EUR/PLN exchange rate risk forecast and the application 
of this procedure in further research on other emerging economies will allow results to be compared 
with the EU Convergence Reports to be published in 2026 and 2028, which will cover economies 
joining the ERM II mechanism during that time. At present, the application of MS-GARCH-class 
models for conditional volatility forecasting for a fixed central rate with an allowable fluctua-
tion band is particularly relevant for Bulgaria, which participates in ERM II and whose central 
rate was established in 1997 under the monetary strategy of a currency board at the level of 
1.95583 EUR/BGN. The procedure for identifying the optimal central rate in this study also con-
stitutes a methodological proposal for economic practitioners and researchers from countries that 
officially declare their intention to join ERM II.

1  Literature review

In the research literature, there is a clear research gap concerning the measurement of the optimal 
ERM II central exchange rate for emerging economies that are part of the European Union but 
remain outside the Monetary Union, as well as the analysis of volatility within the permissible 
fluctuation band in ERM II using atheoretical nonlinear models such as MS-GARCH. As empha-
sized by the Polish Economic Institute, the analysis and forecasting of exchange rates constitute 
a difficult challenge and are primarily focused on the issue of the equilibrium exchange rate. 4 

4. See: Miesięcznik Makroekonomiczny 1/2024, Polski Instytut Ekonomiczny, February 2, 2024, available at 
https://pie.net.pl/miesiecznik-makroekonomiczny-1-2024/.
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Researchers (Melecky and Komarek 2007; Pastucha 2024) as well as state institutions and inter-
national organizations (Belfrage, Hansson, and Vredin 2023; Filardo, Gelos, and McGregor 2022) 
use for this purpose complex models with the imputation of macroeconomic variables (most often 
selected based on heuristic knowledge of macroeconomic processes), complex models identifying 
the cointegration process, or models characterized by strong theoretical coherence through struc-
tural equations shaping the long-term equilibrium of the exchange rate, most often measured 
multilaterally within a currency basket. Similarly, the European Central Bank suggests setting the 
central rate at the level of the real equilibrium exchange rate. 5 The approach of researchers and 
institutions allows for the identification of, among others, the Behavioral Equilibrium Exchange 
Rate and the Fundamental Equilibrium Exchange Rate. A particularly interesting case was the 
use of the NATREX (Natural Exchange Rate) model, which meets the assumptions of Thirlwall’s 
Law (Oreiro 2023) — external balance (balance of payments equilibrium) and internal balance 
(general equilibrium) — as a guideline for determining the ERM II central rate by the Central Bank 
of Latvia (Anghel et al. 2014).

This study emphasizes the role of parsimony and efficiency in constructing forecasting models for 
exchange rate volatility risk, pointing to the application of GARCH-class models. The advantage of 
parsimony in the imputation of theory into risk forecasting models was noted by Meese and Rogoff 
(1983), which remains relevant today, considering more recent replicated studies (de Mendonca, 
Vereda, and Araujo 2025; Kilic 2025). However, at present, the popularity of GARCH-class models 
and their extension to include the identification of regime transition probabilities (Markov Chain) in 
MS-GARCH models in the context of risk analysis and the ERM II mechanism is almost negligible, 
and their use can be found mainly in older studies (Fidrmuc and Horváth 2008; Frömmel 2006).

2  Research method

The starting point for the analysis of EUR/PLN exchange rate risk is the analysis of the process of 
logarithmic returns for data in a daily sequence from the beginning of 2020 to the end of 2024. For 
the daily (nominal) spot exchange rate EUR/PLN, {Pt}Tt=1 , the logarithmic returns are defined as

(1)	 rt = log(Pt)− log(Pt−1), t = 2, . . . , T .

First, a regression equation was constructed consisting of the following components: the con-
ditional mean, 𝜇t, and the standardized regression residuals, 𝜀t, with the product of the scaling 
component representing the standardized shock, 𝜎t, and the conditional standard deviation:

(2)	 rt = µt + εt ,

(3)	 εt = σtzt, zt ∼ i.i.d. F (0, 1;ψ),

where F denotes a standardized density distribution with 𝜓 degrees of freedom. For such a defined 
process of standardized residuals, descriptive statistics were estimated: measures of asymmetry 
(third-order central moment), namely skewness, and measures of dispersion (fourth-order central 
moment), namely kurtosis. Subsequently, the Jarque-Bera test was conducted to identify the distri-
bution of standardized residuals used in the later stages of estimating GARCH(P,Q)-class models. 
The squares of standardized residuals were used to examine conditional volatility over time and 
the occurrence of autocorrelation processes associated with the phenomenon of variance clustering 
(the variance grouping effect).

To identify the occurrence of variance clustering over time, the ARCH-LM test (Engle’s test) 
and the Ljung-Box portmanteau test were applied. Given the study’s foundation on frequentist 
inference, for an arbitrarily set Type I error risk threshold (𝛼), the statistics of both tests falling 
within the critical region confirm the presence of variance clustering over time. Tests for variance 
clustering provide important information about volatility; however, if volatility is significant across 

5. See: Policy Position Of The Governing Council Of The European Central Bank On Exchange Rate Issues 
Relating To The Acceding Countries. European Central Bank, December 18, 2003, document available at https://
www.ecb.europa.eu/pub/pdf/other/policyaccexchangerateen.pdf.
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successive lags — the persistence process — they are not able to indicate the optimal parameter of 
conditional variance for the ARCH(P) model. Furthermore, the Augmented Dickey-Fuller (ADF) 
test for the presence of a unit root was conducted to examine the stationarity of the logarithmic 
returns process.

The identification of the optimal conditional variance parameters P and Q was based on the 
explanatory power of the model, the Akaike Information Criterion (AIC), which is recommended 
(Chakrabarti and Ghosh 2011) for forecasting and univariate models, rather than the Bayesian 
Information Criterion (BIC), which is more robust to complex model structures. To identify the 
optimal structure of the GARCH(P,Q) model, a selective-iterative procedure was applied, as used, 
among others, by Kołbyko (2024) (who employed it for identifying the optimal SARIMA/ARIMA 
model). This approach constitutes an alternative to the classical Box-Jenkins method (in which the 
first stage, identification, is based on ACF and PACF tests) and involves the iterative estimation of 
models and the selection of the model with the lowest value of the adopted information criterion.

The canonical GARCH(P,Q) model proposed by Bollerslev (1986), applied in this study and in 
its further extended specifications, takes the form consisting of a lagged volatility process — the 
conditional variance of the ARCH(P) model — and the GARCH(P,Q) component, i.e., a lagged 
process of its own volatility up to order Q. The structure of the GARCH(P,Q) model is as follows:

(4)	 σ2t = ω +
P∑
p=1

αpε
2
t−p

︸ ︷︷ ︸
ARCH

+
Q∑
q=1

βqσ
2
t−q

︸ ︷︷ ︸
GARCH

.

For the classical form of the GARCH(P,Q) model, specific assumptions are made regarding the pa-
rameter of the long-term mean — the “unconditional variance,” 𝜔 > 0, as well as the coefficients of 
the lagged conditional variance process: 𝛼p, 𝛽q, ≥ 0, and the sum of the coefficients for subsequent 
lags of both components of the conditional variance is less than 1:

(5)	
P∑
p=1

αp +
Q∑
q=1

βq < 1.

The fulfillment of these assumptions makes it possible to achieve conditional stationarity (a model 
misspecification resulting in 𝛼 + 𝛽 = 1 would prevent this) of the GARCH(P,Q) model, as well as 
the predictive capability for risk based on conditional volatility (𝜔 = 0 would also prevent this). 
Therefore, the elementary condition of an optimal GARCH(P,Q) model is the adoption of the above 
preliminary assumptions to obtain a positive unconditional long-term variance:

(6)	 σ̂2t =
ω

1−
(∑
αp +

∑
βq
) .

If the cumulative coefficients for the lagged processes of conditional variance take the value of 1, 
then the Integrated GARCH (IGARCH) model should be applied. For estimation, the quasi-max-
imum likelihood (QMLE) method was used, which employs as its objective function the maximi-
zation of the log-likelihood for the assumed Student’s t-distribution of the conditional residual 
component. Let 𝜃 denote the set of unknown parameters in the GARCH(P,Q) model; then, the 
conditional density distribution of logarithmic returns given past information, Ft−1, is expressed as

(7)	 f(rt|Ft−1; θ, ψ) =
1
σt(θ)

fz

(
rt − µ
σt(θ)

;ψ
)

.

The standardized density function of the Student’s t-distributed residuals, fz, is determined from

(8)	 fz(u, ν) =
Γ
(
υ + 1
2

)

√
π(υ − 2)Γ

(
ν

2

)
(
1 +

u2

υ − 2

)−υ + 1
2 .
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Where the likelihood function is

(9)	 LT (θ, ψ|r) =
T∏
t=1

f(rt|Ft−1; θ, ψ).

Consequently, the conditional log-likelihood is

(10)	 ℓT (θ, ψ) = logLT (θ, ψ|r) = −
T∑
t=1

[
log σt(θ) + ρψ

(
rt − µ

σt(θ)

)]
+ C(ψ).

Where the function ρψ = − log fz(u, ν), and the constant C(ψ), which is identical for all observa-
tions and does not affect the estimation of the set of unknown parameters, serves only to normalize 
the standardized distribution (depending solely on 𝜓) and does not influence the maximization 
of the log-likelihood. For the QMLE estimator, the maximization of the log-likelihood function is 
achieved through the selection of parameters that yield the maximum value

(11)	 (θ̂, ψ̂) ∈ argmax
θ,ψ
ℓT (θ, ψ).

The procedure for identifying the optimal GARCH(P,Q) model based on the selective-iterative 
method employs a grid search structure as the candidate space

(12)	 G = {(P,Q) : P = 0, . . . , Pmax, Q = 0, . . . , Qmax}\{(0, 0)}.

With the arbitrary setting of Pmax, Qmax = 5. The identification of the model’s optimal parameters 
was based on the AIC criterion in accordance with the initial assumptions, where the value of the 
explanatory indicator is determined as AIC = −2ℓ̂+ 2k, while the sequential selection using the 
grid search selects those model parameters for which the GARCH(P,Q) achieves the lowest value 
of the AIC information criterion, such that

(13)	 (P ∗, Q∗) ∈ arg min
(P,Q)∈G

ÂIC(P,Q).

The study was extended to include extended specifications of the GARCH(P,Q) model without 
internal selection but using the already obtained parameters P and Q. The applied models were: 
GJR-GARCH, eGARCH, APARCH, and TGARCH. For all specifications, the following were pre-
pared:

•the conditional Value-at-Risk (stochastic VaR for 𝛼 = 5%), which was determined (for the lower 
and upper quantiles: quantile � {left, right}) as:
(14)	 VaRquantilet-Student,α = µ̂t + σ̂tq

quantile
z,α (ψ̂)

•the News Impact Curve (NIC) function:
(15)	 gpzt´1q – Erσ2t sεt´1

•the Expected Shortfall (ES) for the left tail of the distribution:
(16)	 ESt-Student,α = E[rt|rt ≤ VaRt-Student,α] = µt + σt · E[zt|zt ≤ qz,α]

•where for cα(fz, ψ) ≡ E[zt|zt ≤ qz,α], the Student’s t-distribution was adopted, along with the 
number N of Monte Carlo samples:

(17)	 ĉα =
1

Nα

∑
n : z(n)≤qz,α

z(n), z(n) ∼ fz(·; ψ̂)

The selection of m-specifications of the GARCH-class model for constructing the MS-GARCH model 
with homogeneous regimes (the same m-specification of variance with different parameters) and 
with heterogeneous regimes (different m-specifications of variance) was based on the lowest values 
of the AIC information criterion. Two models with the best predictive ability were identified, along 
with the construction of switching between two, K = 2, regimes in: the homogeneous MS-GARCH 
model, where ν

(
·, ϑ(k)

)
 and ϑ(1) ̸= ϑ(2) , and in the heterogeneous MS-GARCH model, where the 

variance families in the regimes differ: ν1 ̸= ν2 . Consequently, the variance-updating functions for 
the given regimes in the MS-GARCH models are defined as:
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(18)	                  σ2,(k)
t = g

(
εt−1, σ

2,(k)
t−1 ;ϑ(k)

)
g1 ≡ g2    (homogeneous MS-GARCH),

(19)	                  σ2,(k)
t = gk

(
εt−1, σ

2,(k)
t−1 ;ϑ(k)

)
g1 ̸≡ g2   (heterogeneous MS-GARCH).

The hidden regime-switching process (Markov chain), St � {1, 2}, is based on the conditional 
transition probability

(20)	 P(St = j | St−1 = 1) = pij ,

where the transition probability matrix between the regimes of the Markov chain is

(21)	 P =

(
p11 p12
p21 p22

)
, where pi1 + pi2 = 1.

The stationary distribution, 𝜋, satisfies 𝜋TP. Then, the conditional model of the log return process 
within the Markov regime-switching structure is defined as: rt = µ+ σ

(k)
t + z

(k)
t

. The conditional 
probability density function of the log returns in the MS-GARCH models takes the form

(22)	 f(rt|Ft−1) =

2∑
k=1

P(St = k|Ft−1)︸ ︷︷ ︸
πt|t−1(k)=

∑2
k=1 αt−1(k)pik

·fk
(
rt|Ft−1;ϑ

(k), ψ(k)
)

where the likelihood function is

(23)	 LT

(
{pij}, {ϑ(k)}, {ψ(k)}

)
=

T∏
t=1

f(rt|Ft−1)

Consequently, the log-likelihood function is

(24)	 ℓT =
T∑
t=1

log

[
2∑

k=1

πt|t−1(k)
1

σ
(k)
t

(
ϑ(k)

)fz
(

rt − µ

σ
(k)
t

(
ϑ(k)

) ;ψ(k)

)]

The final stage involved identifying periods of high EUR/PLN exchange rate volatility within the 
analyzed period by setting a threshold, the 80-percentile of the conditional standard deviation of 
the log return process, under both MS-GARCH models. This made it possible to isolate periods 
of relatively low volatility and to determine, within this set, the proposed central exchange rate with 
a symmetric 15% fluctuation band. The established parity was determined from M-observations 
as the 60-percentile of observations representing the stable EUR/PLN exchange rate level (stable 
EUR/PLN rate: ExRstable

(j) ):

(25)	 parity =
1

M

M∑
m=1

ExRstable
(j) .

Consequently, the determined ERM II fluctuation band is
(26)	 ERMlower = 0.85 · parity and ERMupper = 1.15 · parity.

The central path, the point forecast of the EUR/PLN exchange rate under both MS-GARCH models, 
was determined as

(27)	 ÊxR
(n)

T+h = ExRT · e
(∑J

j=1 r
(n)
T+j

)
.

For the path of future log returns from the fitted MS-GARCH models: 
{
r
(n)
T+H

}H

h=1
 (where the number 

of Monte Carlo simulation paths n = 1, ..., N). Subsequently, the 5% deviation interval of the point 
forecast of the EUR/PLN exchange rate was determined as the range between the 5% and 95% 
quantiles from the simulations. The point forecast itself was then rescaled to the initial condition

(28)	 ExR
(n)
T+h =

parity

ExRT
ÊxR

(n)

T+h .
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3  Research results

The secondary data for the time series of the nominal EUR/PLN exchange rate in a daily sequence 
for the period from the beginning of 2020 to the end of 2024 were obtained using the “quantmod” 
library from the CRAN repository in RStudio, sourced from the Yahoo Finance database.

This study is based on frequentist inference; therefore, hypothesis testing relies on distribu-
tion-based tests, with an arbitrarily set Type I error risk threshold of 𝛼 = 0,05. A test statistic 
falling within the critical region for the chosen significance level is marked with an asterisk (*).

After conducting the goodness-of-fit test for the Gaussian probability distribution, the re-
sult KS � 95.99 indicated a non-normal distribution for the process of log first differences of 
the EUR/PLN exchange rate. Descriptive statistics of the third- and fourth-order central mo-
ments indicated the presence of leptokurtosis and moderate skewness, with Skewness � 0.28 and 
Kurtosis � 3.81. Therefore, the distribution applied in the GARCH and MS-GARCH class models 
is the symmetric Student’s t-distribution (“std”). Figure 5 in Appendix visualizes the distribution 
results of log returns in four panels: Boxplot, Quantile-Quantile plot, Histogram (frequency series 
determined using the Freedman-Diaconis rule) with the theoretical Gaussian distribution and the 
empirical distribution — Epanechnikov kernel density estimator — as well as the cumulative distri-
bution plot comparing the theoretical normal CDF with the empirical CDF. The visualized results 
clearly highlight the phenomenon of leptokurtosis in the log return process.

According to the adopted methodological procedure for identifying the parameters of the 
GARCH(P,Q)-std model based on the selective-iterative method with grid search for the lowest AIC 
information criterion value, the results indicated the optimal GARCH(1,1)-std model. A comparison 
of the AIC criterion results with other parameter combinations can be observed in table 1. The se-
lection of the GARCH(1,1) model and its high predictive capability are consistent with the findings 
of Hansen and Lunde (2005), Marisetty (2024), and Makore and Chikutuma (2025).

Figure 6 visualizes the results of the conditional quantiles: 5% (lower risk tail) and 95% (up-
per risk tail). The results of the GARCH models indicate exceedances of both the 5% lower and 
upper risk tails in response to structural changes and global imbalances, including the COVID-19 
pandemic, the Russian Federation’s invasion of Ukraine, and the parliamentary elections. Models 
with an asymmetric response of conditional volatility to the sign of the shock, GJR-GARCH and 
EGARCH, exhibit a wider VaR bandwidth (the range between the risk tails), resulting particularly 
from the identification of the leverage effect, i.e., the impact of appreciation shocks (negative shocks 
under direct spot rate quotation) on volatility. The most conservative model turned out to be the 
TGARCH model, with 49 exceedances (approximately 3.75%), while closer to the 5% level were the 
GARCH and GJR-GARCH models, each with 53 exceedances (approximately 4.06%). The study 
was extended to include verification of the risk coverage ability of the models using the following 
tests: Kupiec’s POF (Unconditional Coverage), Christoffersen’s (Conditional Coverage), and the 
Engle-Manganelli (Dynamic Quantile) tests. According to the Kupiec test, only for the TGARCH 
model was the null hypothesis of violation frequency, relative to the assumed 𝛼 level, rejected. 
Furthermore, the results of the CC and DQ tests indicated no clustering of exceedances, implying 

Q = 0 Q = 1 Q = 2 Q = 3 Q = 4 Q = 5
P = 0 NA −10,772.150 −10,770.228 −10,768.234 −10,770.136 −10,768.149
P = 1 −10,821.411 −10,878.636 −10,876.647 −10,875.446 −10,873.422 −10,871.269
P = 2 −10,853.569 −10,876.586 −10,874.647 −10,874.191 −10,872.814 −10,870.711
P = 3 −10,857.982 −10874.553 −10,872.615 −10,873.222 −10,871.106 −10,869.032
P = 4 −10,862.260 −10,872.678 −10,870.702 −10,871.106 −10,869.106 −10,867.032
P = 5 −10,867.172 −10,871.434 −10,869.577 −10,869.229 −10,867.229 −10,865.234
Note: The combination of parameters P and Q with the best fit of the GARCH model to the data is highlighted in bold.

Table 1. Results of the AIC information criterion values for individual parameter combinations of the standard 
GARCH(P,Q)-std model
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that the models are correctly calibrated, with the best-performing ones being GARCH, EGARCH, 
and GJR-GARCH. Figure 8 visualizes the Expected Shortfall, the average loss magnitude after 
exceeding the 5% VaR, across the grid of analyzed GARCH models.

Figure 7 visualizes the News Impact Curves (NIC) for the examined GARCH models, which 
illustrate the effect of innovations from period t − 1 on conditional volatility. Although this allows 
for the identification of the leverage effect and the impact of shock sign asymmetry, the results did 
not indicate any significant asymmetry, even in the EGARCH, GJR-GARCH, and TGARCH models. 
However, the EGARCH and TGARCH models display a sharper response of conditional variance, 
as reflected in the steeper shape of the curves.

Figure 9 visualizes the results of the conditional variance forecast (left panel) and the uncon-
ditional standard deviation (right panel) up to 2027. The lowest value of unconditional standard 
deviation was shown by the EGARCH(1,1)-std model (after transformation from log-space), amount-
ing to approximately 0.382%, whereas the highest long-term standard deviation was produced by 
the APARCH(1,1)-std model, approximately 0.414%.

For the grid of GARCH-class models with parameters P = 1 and Q = 1 and a conditional 
Student’s t-distribution, the results of the AIC information criterion were prepared (table 2). The 
results indicated that the optimal model is the asymmetric GJR-GARCH(1,1)-std, while the sub-
optimal models are the APARCH(1,1)-std and the classical GARCH(1,1)-std. Accordingly, for the 
construction of the homogeneous MS-GARCH model, the regimes for a single variance family were 
conditioned by the GJR-GARCH(1,1) model, whereas in the heterogeneous model, the regimes for 
different variance families were conditioned by the GJR-GARCH(1,1) model (regime 1) and the 
classical GARCH(1,1) model (regime 2).

After constructing and estimating the models, the results showed that the heterogeneous model 
demonstrated a better fit to the data in terms of explanatory power — as measured by the AIC 
criterion (homogeneous: AIC = −10,858.92, heterogeneous: AIC = −10,860.92). In both models, 
the first regime corresponds to higher conditional volatility, while regime 2 represents lower condi-
tional volatility. However, the results for the average conditional standard deviation show that in 
the homogeneous model, both regimes exhibit lower volatility compared to the conditional stan-
dard deviation results in both regimes of the heterogeneous model. For the homogeneous model: 
regime1,homogeneous � 0.38% and regime2,homogeneous � 0.31%, whereas for the heterogeneous model: 
regime1,heterogeneous � 0.60% and regime2,heterogeneous � 0.56%.

Figure 1 (on next page) consists of two panels: the first panel (upper) visualizes the filtered pro-
cess of the conditional transition probability between regimes, where a result closer to 1 indicates 
a switch from the low-volatility regime to the higher-volatility regime. The results of the homo-
geneous and heterogeneous MS-GARCH(1,1)-std models differ only slightly, as shown in the lower 
panel. However, the lower panel indicates that during key periods — the onset of the COVID-19 
pandemic, the beginning of the Russian Federation’s invasion of Ukraine, and the results of the 
parliamentary elections in Poland in 2023 — the heterogeneous MS-GARCH model more accurately 
captured the risk of increased volatility in the log returns of the nominal EUR/PLN exchange rate.

Due to the similar results of the filtered conditional volatility forecast between the heterogeneous 
and homogeneous MS-GARCH models, figure 2 (on next page) visualizes the process of differences 
between the results over the analyzed period.

Table 2. Summary of the estimated GARCH-class models and the results of the AIC information criterion

Model AIC
GJR-GARCH(1,1)-std −10,880.49
APARCH(1,1)-std −10,879.04
GARCH(1,1)-std −10,878.64
TGARCH(1,1)-std −10,872.40
EGARCH(1,1)-std −10,871.07
Note: AIC for best model is highlighted in bold.
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According to the methodological procedure, for the developed MS-GARCH models, periods 
of higher volatility were identified (figure 3) when, for a given period, the conditional probability 
of transition to the higher-volatility regime was less than or equal to 0.5, and in the higher-volatility 
regime, the conditional standard deviation was above the 80th percentile of the distribution under 
both variants of the MS-GARCH model (periods of elevated volatility could overlap).

For the 60th percentile of the EUR/PLN exchange rate distribution during periods of stable 
volatility (taking into account the periods of elevated volatility in both variants of the MS-GARCH 
models), the average level was determined, which constitutes one of the two main elements of the 
analysis in this study, the ERM II central exchange rate with a symmetric ±15% fluctuation band. 

Figure 1. Filtered process of the transition probability to the higher-volatility regime under both variants of the 
MS-GARCH model
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The estimated ERM II central rate for EUR/PLN was approximately 4.53. Thus, according to the 
developed methodological procedure, the permissible fluctuation band for the nominal EUR/PLN 
exchange rate within ERM II through 2028 would be [3.85, 5.20].

The second element involved developing a point forecast along with a deviation interval in the 
5%–95% percentile range of the log return path using Monte Carlo simulation for both variants 
of the MS-GARCH model from the beginning of 2025 to the end of 2027. The visualization of 
the EUR/PLN volatility forecast within the ERM II fluctuation band relative to the central rate 

Figure 3. Periods under regimes of elevated volatility under both variants of the MS-GARCH model and the 
previously established 80th percentile of the volatility distribution. Visualization for log returns and 
the nominal EUR/PLN exchange rate
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indicates, exclusively in the heterogeneous MS-GARCH model, which demonstrates higher pre-
dictive capability, a risk of exceeding the upper limit of the permissible ERM II fluctuation band. 
According to the results of the nominal EUR/PLN volatility forecast under the heterogeneous 
MS-GARCH(1,1)-std model, 21 days are subject to risk in November and December 2027.

The forecast of exchange rate volatility within the permissible deviation corridor from the ERM 
II central rate in figure 4 assumes the use of FX interventions, which is conditioned by a shift from 
a freely floating exchange rate regime to a managed float regime, a transition that also requires the 
transformation of the monetary policy framework. The forecast results indicate a risk of nominal 
EUR/PLN depreciation, which may stem from potential speculative attacks.

In the history of the European Union’s institutional integration, the most well-known case was 
Black Wednesday (Gottschalk 2023), which involved a speculative attack and a crisis of the ERM 
mechanism on the British pound sterling. More recent examples of speculative attacks, such as 
those on the Latvian lats (Purfield and Rosenberg 2010) in response to the spillover effects of the 
Great Recession, and on the Croatian kuna (Brkić 2022) in March 2020 (also in the context of an 
economic contraction but caused by the pandemic shock), demonstrate that the risk of maintaining 
an exchange rate band or pegged exchange rate regime is inherently linked to speculative pressures.

Accordingly, assuming the absence of FX interventions to anchor the EUR/PLN exchange rate, 
and therefore the lack of intramarginal or sterilized interventions, figure 5 presents the volatility 
forecast and the identification of the risk of exceeding the permissible deviation corridor within the 
established ERM II framework.

The MS-GARCH model with homogeneous volatility regimes identified the risk of exceeding the 
lower ERM II band (PLN appreciation) in 353 observations between December 2026 and December 
2027, while the heterogeneous MS-GARCH model identified such a risk in 252 observations between 
August 2026 and December 2027.

The considerations regarding both variants — under a freely floating exchange rate regime for 
the established ERM II corridor or a managed EUR/PLN exchange rate — are based on the as-
sumption of systematic risk neutrality with respect to the transition of the exchange rate system, 

Figure 5. Forecast of the nominal EUR/PLN exchange rate volatility within the permissible ERM II deviation 
corridor — variant of the freely floating exchange rate regime
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known as the Baxter-Stockman neutrality hypothesis (Baxter and Stockman 1989). Nevertheless, 
in both cases, there exists a risk of the EUR/PLN exchange rate exceeding the established symmet-
ric deviation band from the ERM II central rate. This implies that foreign exchange interventions, 
particularly intramarginal interventions, are permissible during the implementation of the monetary 
convergence criterion under ERM II.

The research results provide a foundation for further studies on exchange rate risk analysis and 
volatility forecasting in the context of ERM II, as well as the identification of the optimal level of 
the central exchange rate. Particularly important in this respect is the inclusion of fundamental 
(macroeconomic) factors and structural changes that accompany the transformation of the mone-
tary policy framework toward a pegged exchange rate band system. For this purpose, a structural 
VAR(CH) model under nonrecursive identification conditions for the disturbance matrix could 
be applied, as well as an extension toward a nonrecursive structural approach to regimes in the 
MS-VAR(CH) model and a Bayesian approach (Lütkepohl and Woźniak 2020). This method would 
allow for the incorporation not only of fundamental factors but also of conditional volatility. Alter-
natively, the study could be extended to the analysis of comovements with another variable using 
multivariate BEKK models (Hartman and Sedlak 2013) or the VECH model (Silvennoinen and 
Terasvirta 2008), or through their structural implementation (Fengler and Polivka 2025).

Summary

The study was based on the analysis of daily EUR/PLN exchange rate quotations for the period 
2020–2024, transformed into logarithmic returns and modeled using nonlinear Markov-Switching 
GARCH (MS-GARCH) models in two variants: homogeneous and heterogeneous. In the first stage, 
the optimal structure of the GARCH(P,Q)-std model was identified through a selective-iterative 
procedure based on the Akaike Information Criterion (AIC), and the parameters were estimated 
using the quasi-maximum likelihood (QMLE) method with a conditional Student’s t-distribution. 
Based on these results, MS-GARCH models with Markov regime switching were constructed to 
identify periods of low and high volatility and to estimate the conditional transition probabilities 
between regimes. The ERM II central parity was determined as the average exchange rate during 
the low-volatility regime, while the volatility forecast for 2025–2028 was generated using Monte 
Carlo simulations of the logarithmic return paths.

The results indicate that the optimal central parity of the EUR/PLN exchange rate, under the 
assumption of a symmetric ±15% fluctuation band, is approximately PLN 4.53, while the hetero-
geneous MS-GARCH model revealed 21 days with an elevated probability of exceeding the upper 
bound of the ERM II corridor in November and December 2027. These findings confirm the rel-
evance of regime-dependent volatility modeling in anticipating exchange rate instability during 
potential participation in ERM II. Moreover, they empirically support the view that the dynamics 
of the EUR/PLN exchange rate are driven by distinct volatility regimes corresponding to periods 
of macroeconomic and geopolitical shocks.

Unlike equilibrium-based approaches such as FEER, BEER, or NATREX, which rely on macro-
economic fundamentals and structural long-term relationships, the proposed MS-GARCH framework 
provides an empirical, data-driven alternative for determining the hypothetical central parity in 
ERM II. This approach does not impose theoretical equilibrium constraints but instead identifies 
stability intervals directly from the statistical properties of the exchange rate process. As a result, 
it allows for a more flexible and timely assessment of nominal exchange rate stability, which is 
particularly valuable for emerging economies operating under a floating exchange rate regime.

The obtained results provide not only a quantitative benchmark for policymakers regarding 
potential ERM II entry conditions but also a methodological reference for future empirical research 
on forecasting exchange rate volatility and modeling FX risk. Further research should extend the 
analysis toward multivariate frameworks incorporating macroeconomic fundamentals, as well as 
cross-country comparisons with other Central and Eastern European economies in the pre-acces-
sion phase.



20	 Patryk Kołbyko

References

Anghel, L.C., F. Pinzaru, M. Dinu, and L.-M. Treapat. 2014. “Fixing the Central Parity 
and the Evolution of the Currency within the Exchange Rate Mechanism II in the Countries 
that Joined the Euro Zone.” Management Dynamics in the Knowledge Economy 2 (4): 21–40.

Baxter, M., and A.C. Stockman. 1989. “Business Cycles and the Exchange-Rate Regime: 
Some International Evidence.” Journal of Monetary Economics 23 (3): 377–400. doi: 10.1016/ 
0304-3932(89)90039-1.

Belfrage, C.-J., J. Hansson, and A. Vredin. 2023. How Should We View the Development 
of the Krona? Economic Commentary, https://www.riksbank.se/en-gb/press-and-published/
notices-and-press-releases/notices/2023/how-should-we-view-the-development-of-the-krona/.

Bęza-Bojanowska, J., and R. MacDonald. 2009. “The Behavioural Zloty/Euro Equilibrium 
Exchange Rate.” National Bank of Poland Working Paper (55): 5–35.

Bijak-Kaszuba, M. 2012. “Ustanawianie unii gospodarczej i walutowej w procesie integracji 
europejskiej.” Acta Universitatis Lodziensis. Folia Oeconomica 264: 7–34.

Bollerslev, T. 1986. “Generalized Autoregressive Conditional Heteroskedasticity.” Journal of 
Econometrics 31 (3): 307–327. doi: 10.1016/0304-4076(86)90063-1.

Brkić, M. 2022. “Preserving Economic and Financial Stability in an Emerging Market Country 
during the Pandemic Crisis: Croatia’s Experience.” Public Sector Economics 46 (3): 321–354. 
doi: 10.3326/pse.46.3.1.

Chakrabarti, A., and J.K. Ghosh. 2011. “AIC, BIC and Recent Advances in Model Selec-
tion.” In Philosophy of Statistics, edited by P.S. Bandyopadhyay and M.R. Forster, 583–605. 
Amsterdam: North-Holland.

de Mendonca, H.F., L. Vereda, and L.M.M. de Araujo. 2025. “Fundamentals Models 
Versus Random Walk: Evidence From an Emerging Economy.” Journal of Forecasting 44 (6): 
1884–1906. doi: 10.1002/for.3279.

Fengler, M.R., and J. Polivka. 2025. “Structural Volatility Impulse Response Analysis.” 
Journal of Financial Econometrics 23 (2). doi: 10.1093/jjfinec/nbae036.

Fidrmuc, J., and R. Horváth. 2008. “Volatility of Exchange Rates in Selected New EU Mem-
bers: Evidence from Daily Data.” Economic Systems 32 (1): 103–118. doi: 10.1016/j.ecosys.2007 
.09.004.

Filardo, A., G. Gelos, and T. McGregor. 2022. “Exchange-Rate Swings and Foreign Cur-
rency Intervention.” IMF Working Papers 2022 (158). doi: 10.5089/9798400215322.001.

Frömmel, M. 2006. “Volatility Regimes in Central and Eastern European Countries’ Exchange 
Rates.” Hannover Economic Papers (Discussion Paper No. 333).

Gottschalk, S. 2023. “From Black Wednesday to Brexit: Macroeconomic Shocks and Correla-
tions of Equity Returns in France, Germany, Italy, Spain, and the United Kingdom.” Interna-
tional Journal of Finance & Economics 28 (3): 2843–2873. doi: 10.1002/ijfe.2567.

Hansen, P.R., and A. Lunde. 2005. “A Forecast Comparison of Volatility Models: Does Any-
thing Beat a GARCH(1,1)?” Journal of Applied Econometrics 20 (7): 873–889. doi: 10.1002/
jae.800.

Hartman, J., and J. Sedlak. 2013. Forecasting Conditional Correlation for Exchange Rates 
using Multivariate GARCH models with Historical Value-at-Risk Application, Department of 
Economics and Department of Statistics, Uppsala University, Uppsala.

Kilic, R. 2025. “Linear and Nonlinear Econometric Models against Machine Learning Models: 
Realized Volatility Prediction.” Finance and Economics Discussion Series, Board of Gover-
nors of the Federal Reserve System (2025–061). doi: 10.17016/FEDS.2025.061.

Kołbyko, P. 2024. “Application of a Single-Equation SARIMA Model for Short-Term Condition-
al Forecast (Projection) of CPI Price Dynamics in Poland.” Research Papers in Economics 
and Finance 8 (1): 128–157.

Lütkepohl, H., and T. Woźniak. 2020. “Bayesian Inference for Structural Vector Autoregres-
sions Identified by Markov-Switching Heteroskedasticity.” Journal of Economic Dynamics 
and Control 113: 103862. doi: 10.1016/j.jedc.2020.103862.

Makore, I., and C.N. Chikutuma. 2025. “Exchange Rate Volatility and Its Impact on Inter-
national Trade: Evidence from Zimbabwe.” Journal of Risk and Financial Management 18 (7): 
376. doi: 10.3390/jrfm18070376.

Marisetty, N. 2024. “Evaluating the Efficacy of GARCH Models in Forecasting Volatility Dy-
namics Across Major Global Financial Indices: A Decade-Long Analysis.” Journal of Econom-
ics, Management and Trade 30 (9): 16–33. doi: 10.9734/jemt/2024/v30i91238.



Application of MS-GARCH Class Models in the Analysis of EUR/PLN Exchange Rate Risk…	 21

Meese, R.A., and K. Rogoff. 1983. “Empirical Exchange Rate Models of the Seventies: Do 
They Fit out of Sample?” Journal of International Economics 14 (1): 3–24. doi: 10.1016/0022 
-1996(83)90017-X.

Melecky, M., and L. Komarek. 2007. “The Behavioral Equilibrium Exchange Rate of the 
Czech Koruna.” Transition Studies Review 14 (1): 105–121. doi: 10.1007/s11300-007-0136-1.

Ockiya Atto Kennedy, Orumie Ukamaka Cynthia, and Emmanuel Oyinebifun. 2023. 
“Multivariate Garch Models Comparison in Terms of the Symmetric and Asymmetric Models.” 
African Journal of Mathematics and Statistics Studies 6 (2): 24–39. doi: 10.52589/AJMSS 
-XUADTPPA.

Oreiro, J.L. 2023. “Thirlwall’s Law and New-Developmentalism: What Are the Limits for Long-
Run Growth?” Investigacion Economica 82 (326): 98-126. doi: 10.22201/fe.01851667p.2023 
.326.86496.

Pastucha, F. 2024. “The Real Equilibrium Exchange Rate of the Czech Koruna — the BEER 
Approach.” Statistika: Statistics and Economy Journal 104 (3): 278–291. doi: 10.54694/stat 
.2023.50.

Purfield, C., and C.B. Rosenberg. 2010. “Adjustment Under a Currency Peg: Estonia, Lat-
via and Lithuania During the Global Financial Crisis 2008-09.” IMF Working Papers 2010 
(213). doi: 10.5089/9781455205448.001.

Silvennoinen, A., and T. Terasvirta. 2008. “Modelling Multivariate Autoregressive Condi-
tional Heteroskedasticity with the Double Smooth Transition Conditional Correlation GARCH 
Model.” CREATES Research Paper (2008-5). doi: 10.2139/ssrn.1148137.

Appendix

Figure 6. Visualization of the distribution of standardized residuals from the baseline regression model of logarith-
mic returns

−0
.0

2
−0

.0
1

0.
00

0.
01

0.
02

Boxplot

−3 −2 −1 0 1 2 3

−0
.0

2
−0

.0
1

0.
00

0.
01

0.
02

Normal Q−Q Plot

Theoretical (Normal)

Em
pi

ric
al

Histogram

D
en

si
ty

−0.02 −0.01 0.00 0.01 0.02

0
20

40
60

80
10

0
12

0

−0.02 −0.01 0.00 0.01 0.02 0.03

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Empirical CDF vs Normal

C
um

ul
at

iv
e 

pr
ob

.



22	 Patryk Kołbyko

Figure 7. Calculation of the stochastic Value-at-Risk (5%) for the estimated GARCH-class models
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Figure 8. News Impact Curve for the estimated GARCH-class models
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Figure 9. Expected Shortfall chart for the estimated GARCH-class models (5%) and exceedance days for the 
standard GARCH(1,1)-std model
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Figure 10. Forecast charts of conditional volatility and unconditional standard deviation up to 2027 under the 
estimated GARCH-class models
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One−step−ahead forecasts: conditional mean & volatility (rugarch)


